There is a one-to-one correspondence between ℓ-quasi-cyclic codes over a finite field F q and linear codes over a ring R = F q [Y ]/(Y m − 1). Using this correspondence, we prove that every ℓ-quasi-cyclic self-dual code of length mℓ over a finite field F q can be obtained by the building-up construction, provided that char (F q ) = 2 or q ≡ 1 (mod 4), m is a prime p, and q is a primitive element of F p . We determine possible weight enumerators of a binary ℓ-quasi-cyclic self-dual code of length pℓ (with p a prime) in terms of divisibility by p. We improve the result of [3] by constructing new binary cubic (i.e., ℓ-quasi-cyclic codes of length 3ℓ) optimal selfdual codes of lengths 30, 36, 42, 48 (Type I), 54 and 66. We also find quasi-cyclic optimal self-dual codes of lengths 40, 50, and 60. When m = 5, we obtain a new 8-quasi-cyclic self-dual [40, 20, 12] code over F 3 and a new 6-quasi-cyclic self-dual [30, 15, 10] code over F 4 . When m = 7, we find a new 4-quasi-cyclic self-dual [28, 14, 9] code over F 4 and a new 6-quasi-cyclic self-dual [42, 21, 12] code over F 4 .
Introduction
Self-dual codes have been one of the most interesting classes of linear codes over finite fields and in general over finite rings. They interact with other areas including lattices [12, 13] , invariant theory [41] , and designs [1] . On the other hand, quasi-cyclic codes have been one of the most practical classes of linear codes. Linear codes which are quasi-cyclic and self-dual simultaneously are an interesting class of codes, and this class of codes is our main topic. We refer to [30] for a basic discussion of codes.
From the module theory over rings, quasi-cyclic codes can be considered as modules over the group algebra of the cyclic group. For a special ring R = F q [Y ]/(Y m − 1), Ling and Solé [36, 37] consider linear codes over a ring R, where m is a positive integer coprime to q, and they use a correspondence φ between (self-dual) quasi-cyclic codes over F q and (self-dual, respectively) linear codes over R. We call quasi-cyclic codes over F q cubic, quintic, or septic codes depending on m = 3, 5, or 7, respectively. Bonnecaze et. al. [3] studied binary cubic self-dual codes, and Bracco et. al. [7] considered binary quintic self-dual codes.
In this paper, we focus on construction and classification of quasi-cyclic self-dual codes over a finite field F q under the usual permutation or monomial equivalence. We note that the equivalence under the correspondence φ may not be preserved; two inequivalent linear codes over a ring R under a permutation equivalence may correspond to two equivalent quasi-cyclic codes over a finite field F q under a permutation or monomial equivalence. Hence, we first construct all self-dual codes over the ring R using a building-up construction. Rather than considering the equivalence of these codes over R, we consider the equivalence of their corresponding quasi-cyclic self-dual codes over F q to get a complete classification of quasi-cyclic self-dual codes over F q .
We prove that every ℓ-quasi-cyclic self-dual code of length mℓ over F q can be obtained by the building-up construction, provided that char(F q ) = 2 or q ≡ 1 (mod 4), m is a prime p, and q is a primitive element of F p . Our result shows that the building-up construction is a complete method for constructing all ℓ-quasi-cyclic self-dual codes of length mℓ over F q subject to certain conditions of m and q. We determine possible weight enumerators of a binary ℓ-quasi-cyclic self-dual code of length pℓ with p a prime in terms of divisibility by p.
By employing our building-up constructions, we classify binary cubic self-dual codes of lengths up to 24, and we construct binary cubic optimal self-dual codes of lengths 30, 36, 42, 48 (Type I), 54 and 66. We point out that the advantage of our construction is that we can classify all binary cubic self-dual codes in a more efficient way without searching for all binary self-dual codes. We summarize our result on the classification of binary cubic extremal self-dual codes in Table 1 . We also give a complete classification of all binary quintic self-dual codes of even lengths 5ℓ ≤ 30, and construct such optimal codes of lengths 40, 50, and 60. For various values of m and q, we obtain quintic self-dual codes of length 5ℓ over F 3 and F 4 and septic self-dual codes of length 7ℓ over F 2 , F 4 , and F 5 which are optimal or have the best known parameters. In particular, we find a new quintic self-dual [40, 20, 12] code over F 3 and a new quintic self-dual [30, 15, 10] code over F 4 . We also obtain a new septic self-dual [28, 14, 9] code over F 4 and a new septic self-dual [42, 21, 12] code over F 4 .
This paper is organized as follows. Section 1 contains some basic notations and definitions, and Section 2 presents the building-up construction method of quasi-cyclic self-dual codes over finite fields. In Section 3, we construct binary quasi-cyclic self-dual codes, and we find the cubic codes and quintic codes. In Section 4, we construct quasicyclic self-dual codes over various fields such as F 2 , F 3 , F 4 , and F 5 , and we obtain the cubic codes, the quintic codes and the septic codes. We use Magma [8] for computations.
Preliminaries
We briefly introduce some basic notions about quasi-cyclic self-dual codes. For more detailed description, we refer to [36, 37] . Let R be a commutative ring with identity. A linear code C of length n over R is defined to be an R-submodule of R n ; in particular, if R is a finite field F q of order q, then C is a vector subspace of F n q over F q . The dual of C is denoted by C ⊥ , C is selforthogonal if C ⊆ C ⊥ , and self-dual if C = C ⊥ . We denote the standard shift operator on R n by T . A linear code C is said to be quasi-cyclic of index ℓ or ℓ-quasi-cyclic if it is invariant under T ℓ . A 1-quasi-cyclic code means a cyclic code. Throughout this paper, we assume that the index ℓ divides the code length n.
Let m be a positive integer coprime to the characteristic of F q , F q [Y ] be a polynomial ring, and
. Then it is shown [36] that there is a oneto-one correspondence between ℓ-quasi-cyclic codes over F q of length ℓm and linear codes over R of length ℓ, and the correspondence is given by the map φ defined as follows. Let C be a quasi-cyclic code over F q of length lm and index l with a codeword c denoted by c = (c 00 , c 01 , . . . , c 0,ℓ−1 , c 10 , . . . , c 1,ℓ−1 , . . . , c m−1,0 , . . . , c m−1,ℓ−1 ). Let φ be a map φ :
We denote by φ(C) the image of C under φ.
A conjugation map − on R is defined as the map that sends Y to Y −1 = Y m−1 and acts as the identity map on F q , and it is extended F q -linearly. On R ℓ , we define the Hermitian inner product by x, y = ℓ−1 j=0 x j y j for x = (x 0 , . . . , x ℓ−1 ) and y = (y 0 , . . . , y ℓ−1 ). It is proved [36] that for a, b ∈ F ℓm q , T ℓk (a) · b = 0 for all 0 ≤ k ≤ m − 1 if and only if φ(a), φ(b) = 0, where · denotes the standard Euclidean inner product. From this fact, it follows that φ(C) ⊥ = φ(C ⊥ ), where φ(C) ⊥ is the dual of φ(C) with respect to the Hermitian inner product, and C ⊥ is the dual of C with respect to the Euclidean inner product. In particular, a quasi-cyclic code C over F q is self-dual with respect to the Euclidean inner product if and only if φ(C) is self-dual over R with respect to the Hermitian inner product [36] . Two linear codes C 1 and C 2 over R are equivalent if there is a permutation of coordinates of C 1 sending C 1 to C 2 . Similarly, two linear codes over F q are equivalent if there is a monomial mapping sending one to another. Note that the equivalence of two linear codes C 1 and C 2 over R implies a permutation equivalence of quasi-cyclic linear codes φ −1 (C 1 ) and φ −1 (C 2 ) over F q , but not conversely in general.
2 Construction of quasi-cyclic self-dual codes
, and self-dual (or self-orthogonal) codes over R means self-dual (or self-orthogonal) codes with respect to the Hermitian inner product.
We begin with the following lemma regarding the length of self-dual codes. Proof. To prove (i) and (ii), we observe the following. Suppose C is a self-dual code of length ℓ over R. We may assume that C 1 in the decomposition of C in [36, Theorem 4.2] is a Euclidean self-dual code over F q of length ℓ. For (i), suppose that char(F q ) = 2 or q ≡ 1 (mod 4). By the above observation, 2 | ℓ. Conversely, let ℓ = 2k. We take a Euclidean self-dual code over F q of length 2 using the following generator matrix: [1 c], where c 2 = −1. We can see that this matrix generates a self-dual code C over R of length 2. Then the direct sum of the k copies of C is a self-dual code over R of length ℓ = 2k.
For (ii), let q ≡ 3 (mod 4). It is well known [46, p. 193 ] that if q ≡ 3 (mod 4) then a self-dual code of length n exists if and only if n is a multiple of 4. Hence by the above observation, 4 | ℓ. Conversely, let ℓ = 4k for some positive integer k. It is known [31, p. 281 ] that if q is a power of an odd prime with q ≡ 3 (mod 4), then there exist nonzero α and β in F q such that α 2 + β 2 + 1 = 0 in F q . We take a Euclidean self-dual code over F q of length 4 with the following generator matrix:
where α 2 + β 2 + 1 = 0 in F q . We can see that this matrix generates a self-dual code C over R of length 4. Then the direct sum of the k copies of C is a self-dual code over R of length ℓ = 4k.
The following theorem is the building-up constructions for self-dual codes over R, equivalently, ℓ-quasi-cyclic self-dual codes over F q for any odd prime power q. The proof is similar to that of [32] , so the proof is omitted. Theorem 2.2. Let C 0 be a self-dual code over R of length 2ℓ and G 0 = (r i ) be a k × 2ℓ generator matrix for C 0 , where r i is the i-th row of
Let c be in R such that cc = −1, x be a vector in R 2ℓ with x, x = −1, and
generates a self-dual code C over R of length 2ℓ + 2.
(ii) Assume that q ≡ 3 (mod 4) and ℓ is even. Let α and β be in R such that αα+ββ = −1 and αβ = αβ. Let x 1 and x 2 be vectors in
, and y i = (s i , t i , αs i + βt i , βs i − αt i ) be a vector of length 4. Then the following matrix
generates a self-dual code C over R of length 2ℓ + 4.
The following theorem shows that the converses of Theorem 2.2 hold for self-dual codes over R with some restrictions. It can be proved in a similar way as in [32] , thus we omit the proof. The rank of a code C means the minimum number of generators of C. The free rank of C is defined to be the maximum of the ranks of free R-submodules of C. 
Proof. For (i), we note that a primitive mth root of unity ζ belongs to some extension field of F q as (m, q) = 1. There exists a prime divisor p of m.
) has at least three irreducible factors over To show (ii), by the Chinese Remainder Theorem we have the following canonical isomorphism
Then f (Y ) is a unit of R if and only if ψ(f (Y )) is a unit, equivalently, f (1) ∈ F * q and Φ p (Y ) ∤ f (Y ), so the result follows.
(iii) is clear.
Lemma 2.5. Let F 1 and F 2 be finite fields, and consider a ring
Then every linear code over R has a generator matrix (up to permutation equivalence) as follows:
where Proof. We note that R = F 1 × F 2 = Rf 1 ⊕ Rf 2 is a commutative ring with unity 1 R = (1, 1), zero 0 R = (0, 0) and
, there exist r 1 , r 2 ∈ R such that 1 R = r 1 f 1 + r 2 f 2 , and Rf i = f i is a maximal ideal of R for i = 1, 2.
Let G 0 be a generator matrix for C. We first note that there are four possible cases for each row of G 0 . The first case is that a row contains a unit of R, and the second one is that a row has no units but it contains both a nonzero element in f 1 and a nonzero element in f 2 . The third case is that a row consists of only the elements in f 1 , and the last case is that a row contains only the elements in f 2 . Below we transform G 0 into G by column permutation and elementary row operations.
We notice that G 0 can be transformed into G 1 such that the first k 1 rows (respectively the first k 1 columns) of G 1 are equal to the first k 1 rows (respectively the first k 1 columns) of G in Eq. (2) . Deleting the first k 1 rows and the first k 1 columns of G 1 , we make G 2 . We may assume that there is no unit component in G 2 (up to row equivalence); otherwise we can increase k 1 . Now assume that the first row of
Multiplying the first row of G 2 byg 1 , we may assume that the first row of
We claim that all the components of the first column of
, then g is a unit, which is impossible. Thus, g ∈ f 2 . This leads to a unit component in G 2 (up to row equivalence).
We therefore may assume that all the components of the first column after f 1 are zero by elementary row operations. Likewise each component of the second column of G 2 is in f 2 . Suppose G 2 has the following form
In this way, we may assume that the components of the second column after f 2 are all zero. Now assume that the second row of G 2 is (0, 0, f 1 , g 3 f 2 , . . . ) for some g 3 ∈ f 1 . In other words, G 2 has the following form
By the same reasoning as above, we may assume that β = γ = 0. Repeating the above process, after some possible column changes, we may thus assume that G 2 has the following form for some k 2 .
The rest of the theorem follows in a similar way.
Lemma 2.6. Let m be a prime p and q be a primitive element of
has a generator matrix G in the following form (up to permutation equivalence):
where 
Proof. As m is a prime p and q is a primitive element of The following theorem shows that the building-up construction is a complete method for constructing all ℓ-quasi-cyclic self-dual codes of length mℓ over F q subject to certain conditions of m and q. Proof. Let C be a self-dual code of length 2ℓ over R with a generator matrix of the form in (2). Then we first show the following properties:
(i) By the Chinese Remainder Theorem, we have
as natural projections. We extend Ψ 1 componentwise:
where M(R, m, n) and M(F q , m, n) are the m × n matrix spaces over R and F q , respectively. Similarly we extend Ψ 2 . By Theorem 4.2 in [36] , C = C 1 ⊕ C 2 , where C 1 is a self-dual code over F q and C 2 is a self-dual code over F p−1 q . By the proof of Theorem 6.1 in [37] , Ψ 1 (G) and Ψ 2 (G) are generator matrices for C 1 and C 2 , respectively, so we have rank(
It is also shown similarly for the other case α = Φ p (Y ).
(ii) We claim that there is a unit in the first component of some codeword in C.
Suppose there is no unit in the first component of all codewords in C. Then we assume that all the first components are in Y − 1 or Φ p (Y ) . This is because the first components cannot contain both a nonzero element in Y − 1 and a nonzero element Φ p (Y ) , since some R-linear combination of those two elements is a unit in R by Lemma 2. (iii) From (i) and (ii) we have k 1 ≥ 1 and k 3 = 0. We then first observe that the column size of the last block of G in Eq. (2) is exactly k 1 as k 1 + k 2 = ℓ. To get a contradiction, suppose k 1 = 1. Then by Lemma 2.6, G is of the following form with γ,
(ii). If all the first components are in
Let r 2 be the second row of G with
, and so Φ p (Y ) ∤ h(Y ). Therefore, β 1 β 1 is a unit in R, and hence β 1 is a unit. This is a contradiction because β 1 is 0 or a nonunit by Eq. (2). Therefore k 1 ≥ 2. Now suppose that C is a self-dual code over R of length 2ℓ + 2. Then k 1 ≥ 2 by (iii) above. Hence Eq. (2) gives a generator matrix in (i) of Theorem 2.3. Thus it follows from (i) of Theorem 2.3 that C is obtained from some self-dual code over R of length 2ℓ by the construction in (i) of Theorem 2.2.
What follows shows that in the binary cubic self-dual codes we can eliminate the restriction for the converse of the construction in Theorem 2.2. in other words, it shows that any binary cubic self-dual codes can be found by the building-up construction in Theorem 2.2. 
Construction of binary quasi-cyclic self-dual codes
In this section we construct binary cubic quasi-cyclic self-dual codes and binary quintic quasi-cyclic self-dual codes by using Theorem 2.2.
Binary cubic self-dual codes
A. Bonnecaze, et. al. [3] have studied binary cubic self-dual codes, and they have given a partial list of binary cubic self-dual codes of lengths ≤ 72 by combining binary self-dual codes and Hermitian self-dual codes.
Using Corollary 2.8, we find a complete classification of binary cubic self-dual codes of lengths up to 24 (up to permutation equivalence). To save space, we post the classification up to n = 30 in [33] .
We note that the classification of binary self-dual codes of lengths up to 32 was given by Pless and Sloane [44] and Conway, Pless and Sloane [10] ; hence it is possible to classify all binary cubic self-dual codes of length 32.
Below is the summary. For even ℓ ≥ 10 we have tried to construct as many codes as possible due to computational complexity. Recall that we have summarized the number of extremal cubic self-dual codes of lengths ≤ 66 in Table 1 .
Using the following lemma, we determine possible weight enumerators of a binary ℓ-quasi-cyclic self-dual code of length pℓ with p a prime.
Lemma 3.2. ([38, Ch. 16, Sec. 6]) Let C be a binary code and H any subgroup of Aut(C). If A i is the total number of codewords in C of weight i, and A i (H) is the number of codewords which are fixed by some non-identity element of H, then
We remark that in [38, Ch. 16, Sec. 6] A i (H) is defined as the number of codewords which are fixed by some element of H. Since the identity of H always fixes any codeword, we need to consider some non-identity element of H. Thus the codewords of weight i can be divided into two classes, those fixed by some non-identity element of H, and the rest. Then just follow the proof of [38, Ch. 16 Proof. We know from [36, Propositon A.1] that if p denotes a prime, a binary code C of length ℓp is ℓ-quasi-cyclic if and only if Aut(C) contains a fixed-point free (fpf) permutation of order p. Hence C contains an fpf permutation σ of order p. Let H = σ whose order is p. Since σ is an fpf of order p and any codeword of weight i with p ∤ i cannot be fixed by any non-identity element of H, we have A i (H) = 0. Therefore by the above lemma, A i ≡ 0 (mod p).
(i) ℓ = 10, [30, 15, 6] codes There are three weight enumerators for self-dual [30, 15, 6] It is known [10] , [11] that there are precisely three codes with W 1 , a unique code with W 2 , and precisely nine codes with W 3 . Only two cubic self-dual [30, 15, 6] codes are given in [3] . We have constructed three codes with W 1 whose group orders are 576, 1152, 18432 respectively. We have also constructed five codes with W 3 whose group orders are 30, 192, 1440, 40320, 645120. To save space, we post these codes in [33] . In fact, these are all the cubic self-dual [30, 15, 6] codes by the following calculation.
On the other hand, we have noticed that Munemasa has posted all binary self-dual [30, 15] codes in [40] . Let C i be the ith code in his list. [39] do not produce self-dual codes. This was confirmed by Gaborit [14] and was corrected in his website [15] . From the corrected list of the binary self-dual [36, 18, 8] codes [15] , we have checked that only 13 of the 25 self-dual [36, 18, 8] codes with A 8 = 22 are cubic by further investigating the existence of a fixed point free automorphism of order 3 in each code. Let C i be the ith code from the list of [15] . [5] . We have checked that only C 24,2 has a fixed point free automorphism of order 3; hence it is cubic. For β = 42, there is only one code denoted by C 42 [5] . We have checked that it has a fixed point free automorphism of order 3; hence it is cubic.
We have found [6, Table 2 for details, where the first column gives the code name, the second and third columns the X vector and the base matrix in Theorem 2.2, the fourth column the corresponding weight enumerator of the binary code, and the last column the order of the automorphism group of the binary code. Any binary cubic self-dual [54, 27, 10] code has W 1 or W 2 as its weight enumerator; in both cases, 3 divides β with the same reasoning as above. Bonnecaze, et. al. [3] gave two codes, one with W 1 and β = 0 and the other with W 2 and β = 12 (and group order 3). We have found four inequivalent codes with W 1 and β = 0, 3, 6, 9 (all group orders 3) and three inequivalent codes with W 2 and β = 12, 15, 18 (all group orders 3). See Table 2 The following generator matrices G 14 , G 16 , and G 20 are used in Table 2 for constructing binary extremal cubic self-dual codes of n = 48, 54, 66.
Binary quintic self-dual codes
In this subsection, we give the classification of binary quintic self-dual codes of even lengths up to 30 (up to permutation equivalence) by using Theorem 2.7 since 2 is a primitive element of F 5 . Using the known classification of binary self-dual codes of lengths up to 30, one can also classify binary quintic self-dual codes of these lengths.
To save space, we post the classification result in [33] . We know from [10, 
the only possible weight enumerator for a binary extremal quintic self-dual code. We have checked that only four codes are binary quintic optimal self-dual codes of length 30. Making successive random choices of x from G 6,2 by using the building-up construction in Theorem 2.2 with c = 1, we obtain
, where L and R are given below.
We verify that the corresponding binary quintic self-dual code of G 12 has parameters [60, 30, 12] . The deletion of the first two columns and the first row of G 12 is denoted by G 10 , and similarly we obtain G 8 from G 10 . Their corresponding binary quintic selfdual codes have parameters [40, 20, 8] (Type II) and [50, 25, 10] . We summarize their corresponding weight enumerators of G 8 , G 10 , G 12 respectively as follows. The first one is the unique extremal weight enumerator, the second weight enumerator corresponds to W 2 with β = 2 in [29] , and the third weight enumerator corresponds to W 2 with β = 10 in [29] . The orders of the automorphism groups are 10, 5, and 20 respectively.
Construction of quasi-cyclic self-dual codes over various finite fields
In this section we find quasi-cyclic self-dual codes over F 2 , F 3 , F 4 and F 5 which are optimal or have best known self-dual codes by applying the building-up construction in Theorem 2.2.
4.1 Cubic self-dual codes over F 4 and F 5
In [22] , we have given cubic self-dual codes over F 4 and F 5 that are optimal or have best known parameters. In particular, we have the following. Applying Construction A [12] , we can construct the odd Leech lattice O 24 using the idea in [25] . In [25, Prop. 4] it is shown that for a self-dual [24, 12, d ≥ 8] code C over F 5 , the corresponding lattice A 5 (C) by Construction A is the odd Leech lattice O 24 if there is no codeword x ∈ C with n 0 (x) = 14, n 1 (x) = 10, and n 2 (x) = 0, where n i (x) denotes the number of coordinates of x with ±i for i = 0, 1, 2. We have calculated the complete weight enumerator of CSD 
Quintic self-dual codes over F 3 and F 4
In this section, we find more quintic self-dual codes over F 3 and F 4 which are optimal or best known self-dual codes by using the building-up construction in Theorem 2.2.
• Case: q = 3
Using (ii) of Theorem 2.2 with α = 1 and β = 1, we obtain the following
We also obtain a 2 by 4 matrix I 4 by deleting the first four columns and the first two rows of I 8 . The corresponding ternary quasi-cyclic self-dual codes are all extremal self-dual codes. More specifically, I 4 induces a [20, 10, 6] code and I 8 induces a [40, 20, 12] code, and the orders of the automorphism groups are 2 8 · 3 · 5, 10, respectively. There are exactly six extremal [20, 10, 6] self-dual codes, and our code with the generator matrix I 4 corresponds to 19th code in Table III [45] .
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As a summary, we have the following theorem.
Theorem 4.2. There are at least 119 monomially inequivalent self-dual [40, 20, 12] codes over F 3 .
• Case: q = 4
Applying a similar process as before up to code length ℓ = 6 with c = 1, we find the following
where ω is a generator of F * 4 . The corresponding quaternary quasi-cyclic Euclidean self-dual codes are all optimal or have the best known parameters. See [21] for the generator matrices of these quaternary codes. By successively deleting the first two columns and the first row of J 6 , we obtain J 4 and J 2 . More precisely, J 2 induces a [10, 5, 4] code (optimal), J 4 induces a [20, 10, 8] code (optimal), and J 6 induces a [30, 15, 10] code (best known). The quaternary code corresponding to J 4 is equivalent to XQ 19 [47] . We denote the quaternary code corresponding to the generator matrix J 6 by QSD has minimum distance 10, A 10 = 1893, and the automorphism group of order 30. As far as we know, only one self-dual [30, 15, 10] code over F 4 was known before, and that code is the one denoted by (f 2 ; 11; 25) [17] . (It was reported to us that the code denoted by (f 2 ; 11; 15) [17] is an error since it has minimum distance 6.) The code (f 2 ; 11; 25) has minimum distance 10, A 10 = 1854, and the automorphism group of order 90. Therefore the two codes QSD 4 30 and (f 2 ; 11; 25) are not equivalent. We note that the minimum Lee weight d L of these codes in the sense of [2] and [18] is 10 and that only one self-dual [30, 15, 9] code over F 4 with d L = 10 is given in [2, Table VIII] .
As a summary, we have the following theorem. 
4.3 Septic self-dual codes over F 2 , F 4 , and F 5
In this section, we find septic self-dual codes over F q which are optimal or have the best known self-dual codes by using the building-up construction in Theorem 2.2.
• Case: q = 2
We do a similar process as before up to the length ℓ = 8 with c = 1, so we get
as follows:
The corresponding binary quasi-cyclic self-dual codes are all optimal self-dual codes. By successively deleting the first two columns and the first row of K 8 , we obtain K 6 , K 4 , and K 2 . More specifically, K 2 induces a [14, 7, 4] • Case: q = 4 Doing a similar process as before up to the length ℓ = 6 with c = 1, we find the following
We have also checked that both We are aware of two papers [4] and [9] , in which six Euclidean self-dual [28, 14, 9] codes over F 4 are known to exist. However their generator matrices and the number of minimum weight codewords are not given explicitly. Hence we omit the equivalence check of their codes with SSD 
We also give the generator matrix [L|R] of SSD 4 42 in the following: 
The above results are summarized as follows. • The corresponding quaternary quasi-cyclic self-dual codes are all optimal or have best known parameters. By deleting the first two columns and the first row of N 4 , we obtain N 2 . More specifically, N 2 induces an optimal self-dual [14, 7, 6] code over F 5 , and N 4 induces a self-dual code over F 5 with the best known parameters [28, 14, 10] code, denoted by SSD 5 28 . We checked that SSD 5 28 is monomially equivalent to Q 28,4 in [20] .
